A graph G is quasi claw-free if it satisfies the property:
14 a complete graph Kf(x) and we join each vertex of Kf(x) to every vertex of gf (y) whenever
xy E E(G). We note that if G is in QCF then so does G(f).
For r~>3, let Qr denote the graph with vertex set /~ U V1 u/I2 and edge set E0 UE1 UE2, where ~, Ei (0~<i~<2) are defined as follows: /~--{0}, VI = {1,2 ... One can easily check that Qr is a quasi-claw-free graph of order 1 + r + (~) = 1 ÷ ( 2 )" The graph Q4 is depicted in Fig. 1 .
.. r}, V2 = {(i,j) [ 1 <~i<j<~r}, E0 = {0i lie VI}, E1 = {i(s,t) liE VI, (s,t) E V2 and either i---s or i = t} and E2 = {(i,j)(s, t) [ (i,j), (s, t) E V2
We say that a graph G belongs to class .~ if there exist f:V---* R and r~>3 such that G is isomorphic to Q~(f).
By the inflation of any graph G we mean a graph which is obtained by replacing each vertex u by a complete graph Ka~(u~ and joining each edge of G to a different vertex of Kay(u) . Obviously the inflation of G is claw-free.
Properties of quasi-claw-free graphs
(P1) Obviously, every claw-free graph is quasi-claw-free. Conversely, every graph in .~ is not claw-free. Thus CF C QCF. (P2) Recognizing a quasi-claw-free graph can be obviously done in polynomial time.
(P3) A quasi-claw-free graph is not necessarily Kl,r-free with r~>3 (see the graph Qr). Infinite classes of graphs in QCF with many induced Kl,r exist (see, for instance, .~). (P4) The smallest graph in QCF\CF is of order 7 (see Fig. 2 ).
(P5) A graph is locally claw-free if (N(x)) is claw-free for every vertex x of G. There exist infinitely many quasi-claw-free graphs that are not locally claw-free (see, for instance, .~). (P6) To any graph G we can associate a graph T(G) which is in QCF\CF. We first consider the inflation G* of G, so each vertex u of G is replaced by a complete graph K(u). Add a triangle xyz to K(u) and join x,y,z to every vertex of K(u). Let Kl(u) be the new subgraph. Identify the vertices x, y,z of the configuration A of Fig. 3 and those of Kl(u). Repeating this operation for all u E V(G), we obtain the required graph T(G). The graph T(G) with G ~ K1,3 is depicted in Fig. 4 . Note that other possible adequate configurations than A exist. (P7) The class QCF is different from the class of almost claw-free graphs (ACF) introduced by Ryjfi6ek [17] . A graph is almost claw-free if it is locally 2- Proof. Follows from Lemma 1 and the classic theorem of Tutte [19] on the existence of a 1-factor which can be restated as
A connected graph G of even order has a perfect matching if and only if G does not contain a set S such that G -S has at least ISI + 2 odd components. []
Theorem I is an analogue of a result in paper [5] for the class of almost claw-free graphs, while Theorem 2 extends an earlier result established in [13, 18] for the class of claw-free graphs.
Chvtttal and Erd6s-type results
Some additional notation is needed. Let C be a longest cycle of a x-connected, nonhamiltonian graph G in which an orientation is fixed. 
. xx }, xo E Wo and for 1 <~
(c) There is no vertex vEuiCuj such that uiv+ ujvEE.
Lenuna 3. Let G be a connected quasi-claw-free graph of order n. Suppose that G contains a cycle C of length r, 3<,r <n but no cycle of length r+ 1. Then u-u + EE for every vertex u of C that has neighbors in V\V(C).
Proof Proof. Suppose that G is not hamiltonian and let C be a longest cycle. Consider the independent set X of noninsertible vertices associated with C as defined in Lemma 2.
We note that D(X)¢O for otherwise X would be independent in G 2 and hence ~(G2)>~ ]X I > k>~ x. We now show that a contradiction arises by considering two ver-
tices of X with a common neighbor in DO(). Assume that xi,xj EX, O<<.i <j<~k are these vertices. By the definition of G, there exists a vertex u E J(xi, xj)c N(xi)MN(xj).
Let us consider two cases. 
Fan-type results
The following result for general graphs is due to Fan.
Theorem 4 (Fan [9]). Let G be a 2-connected graph of order n. If d(x, y)= 2 max{d(x),d(y)} >~n/2, then is G hamiltonian.
Bedrossian et al. [4] have slightly improved Fan's result.
Theorem 5 (Bedrossian et al. [4]). Let G be a 2-connected graph of order n. If d(x,y)=2 ~ max{d(x),d(y)}>>.n/2 holds for each pair of vertices of an induced claw of G or induced modified claw of G, then is G hamiltonian.
An induced modified claw is an induced subgraph isomorphic to a claw to which one extra edge is added. A much stronger result for hamiltonicity is given in this section. As obvious Corollaries we derive sufficient conditions for the class of QCF graphs (and hence for the class of CF graphs).
Theorem 6. Let G be a 2-connected graph. If [N(a)NN(b )[ >~ 2 and J(a,b ) ¢ (~ holds whenever d(a, b) = 2, {x E N(a) A N(b)ld(x) = 2} = ~ and d(a) ~d(b) < n/2, then G is hamiltonian.
The following lemmas are needed.
Lemma 4 (Ronghua [16]). Let G be a 2-connected graph of order n. Then G has a cycle passing through all vertices of degree at least n/2.

Lemma 5. Let G be a graph and let P=XlX2...Xp, p < n be a path. If d(xl ) + d(xp)>~n then there exists a cycle C in G containing all vertices of P.
Proof. Suppose the lemma is false. If XlXp C E then there is nothing more to prove.
Also N(Xl)A N(xp)C_ V(P) for otherwise a required cycle exists in G. Let H be the subgraph induced by V(P). Then dH(Xl) + dt4(Xp)>>.n -(n -IV(H)I) = IV(H)I. Since P is a hamiltonian path in H, a standard argument shows that H is hamiltonian. []
Proof of Theorem 6. By Lemma 4, there exists a cycle C = vlv2...VrVl containing all vertices of degree at least n/2. Subject to this condition, C is chosen to be of maximum length. In order to derive a contradiction, we assume r < n. Since G is 2-connected, there exists a path n joining two vertices of C, vl and vj say, that is internally vertex 
Theorem 7. Let G be a 2-connected quasi-claw-free 9raph of order n>~3. If
IN(a) M N(b)l >>, 2 holds whenever d(a, b) = 2 and {x E N(a) fq N(b) [ d(x) = 2} = 0 then G is a cycle or is pancyclic.
Proof. Suppose G ~g Cn. By (P9), G contains a triangle since its maximum degree must be at least 3 for otherwise G ~ Cn. Let C be any cycle of length 3 ~< r < n. Suppose that a cycle of length r -4-1 does not exist. Since G is connected, there must exist a vertex xf~ V(C) adjacent to some vertex u of C. By Lemma 3, 
and {xEN(a)M N(b)ld(x)=2} =~) then G is a cycle or is pancyclic.
Let us denote the modified claw by Z~ in order to keep a consistent notation with Section 7.
Corollary 7 (Gould and Jacobson [11] , and Oberly and Sumner [4] ). Let G be a 2-connected graph containing no claw and no induced subgraph isomorphic to Z1. Then G is pancyclic or a cycle. 
Proof. By Lemma 3, Vm-lVm+l EE for m=i,j. The proof is then straightforward. []
Local conditions
Oberly and Sumner [14] proved that a connected, locally connected claw-free graph on at least three vertices is hamiltonian. Clark [8] proved that under these conditions G is vertex pancyclic (every vertex is on cycles of length 3 ..... n). Later, Hendry [12] proved that these conditions imply that G is fully cycle extendable. We believe that Clark's result is also true for quasi claw-free graphs. In this paper, we prove a weaker version.
Theorem 8. A connected, locally connected quasi-claw-free 9raph of order n >13 is pancyclic.
Proof. Suppose G satisfies the hypothesis and let C be a cycle of length r < n. We want to prove that a cycle of length r + 1 exists. Since G is connected there exists x~ V(C) and uE V(C) such that uxEE. Since G is locally connected, there exists a path rc in (N(u) ) joining x to either u + or u-. Choose x, zr such that the length of rc is minimum. Let y be the first vertex of rc on C. By the choice of ~, xy E E. Clearly, y ¢ u +, u-for otherwise C is extended through x. By Lemma 3, u+u-,y+y -EE and hence yu +, yu-f~ E by Lemma 6(b). Let z be the next vertex of rc on C. By definition of n, z E N(u). We assume, without loss of generality z E yCu and then prove a series of assertions.
( (2) and (3), it appears that u and y play a symmetric role. Having chosen an orientation for C, we choose among all cycles of length r one for which [V(yCz) [ is minimum. By this choice, we may assume (4) There is no vertex v E y+Cz-such that uv, uv + EE. Suppose (4) false and let such vertex v exist. If w E vCz-satisfying the condition yw, yw+EE exists then replacing y-yy+ by y-y+ and ww + by wyw + in C we obtain a cycle C t with length r and where (4) is satisfied. If such vertex does not exist then replacing u-uu + by u-u + and vv + by vuv + in C we obtain a cycle C p with length r. In C, we exchange u and y to obtain a cycle of equal length and where (4) is satisfied.
Let us now consider a vertex a E J(u,z-). This vertex exists by the definition of G since d(u, z-) = 2. By (3), a ¢ y since N(z-) N {y} = ~. We note that a contradiction is obtained if a ~ V(C) since then [V(uzCu-u+Cz-au) [ =r + 1. Depending on the position of a on C, the following 3 cases are needed. In either case, we contradict our assumption. 
Case 1" Suppose a E V(z+Cu -). Since a E J(u,z-) then a E N(u)fqN(z-), a C z + by (3) and a-EN(u)UN(z-). If a-EN(z-), the cycle uxyzCa-z--Cy+y--Cu+u--Cau
Forbidden subgraphs
As in [11] , let Z,. be the graph obtained by identifying a vertex of a triangle and an end vertex of a path of length i and B be the graph obtained by identifying a vertex in two distinct copies of a triangle. The following two theorems are extensions of results obtained for claw-free graphs by Gould and Jacobson [11] . Theorem 9. Let G be a 2-connected, quasi-claw-free 9raph of order n that contains no induced subgraph isomorphic to Z2. Then G is pancyclic or a cycle.
Proof. Suppose G satisfies the hypothesis and is not a cycle. Let C=vlv2...VrVl be any cycle of length 3 ~ r < n. We want to prove that a cycle of length r + 1 exists in G. 
